Introduction {#Sec1}
============

The *connectivity* (or *degree*) of a node *v* in a network (or undirected graph) is the number of nodes (or neighbors) of *s*, connected to *v* by an edge. A network is said to be *scale-free* if its connectivity function *N*(*k*), which represents the number of nodes having degree *k*, satisfies the property that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N(a\cdot k) = b\cdot N(x)$$\end{document}$, the unique solution of which is a *power-law* distribution, which by definition satisfies $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >1$$\end{document}$ (Newman [@CR28]). Scale-free networks contain a few nodes of high degree and a large number of nodes of small degree, hence may provide a reasonable model to explain the robustness[1](#Fn1){ref-type="fn"} often manifested in biological networks---such robustness or resilience must, of course, be present for life to exist.

Barabasi and Albert ([@CR4]) analyzed the emergence of scaling in random networks, and showed that two properties, previously not considered in graph theory, were responsible for the power-law scaling observed in real networks: (1) networks are not static, but grow over time, (2) during network growth, a highly connected node tends to acquire even more connections---the latter concept is known as *preferential attachment*. In Barabasi and Albert ([@CR4]), it was argued that preferential attachment of new nodes implies that the degree *N*(*k*) with which a node in the network interacts with *k* other nodes decays as a power-law, following $\documentclass[12pt]{minimal}
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                \begin{document}$$N(k) \propto k^{-\alpha }$$\end{document}$, for $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >1$$\end{document}$. This argument provides a plausible explanation for why diverse biological and physical networks appear to be scale-free. Indeed, various publications have suggested that the the following biological networks are scale-free: protein--protein interaction networks (Ito et al. [@CR18]; Schwikowski et al. [@CR32]), metabolic networks (Ma and Zeng [@CR24]), gene interaction networks (Tong et al. [@CR34]), yeast co-expression networks (Van Noort et al. [@CR35]), and protein folding networks (Bowman and Pande [@CR6]).

*How scale-free are biological networks?*

The validity of a power-law fit for previously studied biological networks was first called into question in Khanin and Wit ([@CR21]), where 10 published data sets of biological interaction networks were shown *not* to be fit by a power-law distribution, despite published claims to the contrary. Estimating an optimal power-law scaling factor by maximum likelihood and using $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ goodness-of-fit tests, it was shown in Khanin and Wit ([@CR21]) that not a single one of the 10 interaction networks had a nonzero probability of being drawn from a power-law distribution; nevertheless, some of the interaction networks could be fit by a *truncated* power-law distribution. The data analyzed by the authors included data from protein--protein interaction networks (Ito et al. [@CR18]; Schwikowski et al. [@CR32]), gene interaction networks determined by synthetic lethal interactions (Tong et al. [@CR34]), metabolic interaction networks (Ma and Zeng [@CR24]), etc.

In Clauset et al. ([@CR10]), 24 real-world data sets were analyzed from a variety of disciplines, each of which had been conjectured to follow a power-law distribution. Estimating an optimal power-law scaling factor by maximum likelihood and using goodness-of-fit tests based on likelihood ratios and on the Kolmogorov--Smirnov statistic for non-normal data, it was shown in Clauset et al. ([@CR10]) that some of the conjectured power-law distributions were consistent with claims in the literature, while others were not. For instance, Clauset et al. ([@CR10]) found sufficient statistical evidence to reject claims of scale-free behavior for earthquake intensity and metabolic degree networks, while there was insufficient evidence to reject such claims for networks of protein interaction, Internet, and species per genus.

It is possible to come to opposite conclusions, depending on whether $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ or Kolmogorov--Smirnov (KS) statistics are used to test the hypothesis whether a network is scale-free, i.e. follows a (possibly truncated) power-law distribution. Indeed, Khanin and Wit ([@CR21]) obtained a *p* value of $\documentclass[12pt]{minimal}
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                \begin{document}$$<10^{-4}$$\end{document}$ for $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ goodness-of-fit for a truncated power-law distribution for the protein--protein interaction data from Ito et al. ([@CR18]), while Clauset et al. ([@CR10]) obtained a *p* value of 0.31 for KS goodness-of-fit for a truncated power-law for the same data.

In this paper, we introduce the first efficient algorithm to compute the exact number of homopolymer RNA secondary structures having *k* neighboring structures, for each value of *k*, that can be reached by adding or deleting one base pair. Since there are exponentially many secondary structures, our $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^5)$$\end{document}$ time and $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^3)$$\end{document}$ space algorithm uses dynamic programming. By applying the Kolmogorov--Smirnov test, we then show that homopolymer RNA secondary structure networks are not scale-free. We also provide evidence that the same is true for real RNA networks. Prior to this paper, only fragmentary results were possible by exhaustively enumerating all secondary structures having free energy within a certain range obove the minimum free energy (Wuchty [@CR36]).

Our work investigates properties of the ensemble of RNA secondary structures, considered as a network, and so extends results of Clote ([@CR11]), which described a cubic time dynamic programming algorithm to compute the expected network degree. The RNA connectivity algorithm described in Sect. [2.3](#Sec5){ref-type="sec"} is completely unrelated to that of Clote ([@CR11]), and allows one to compute all finite moments, including mean, variance, skew, etc.

The plan of the remaining paper is as follows. Section [2](#Sec2){ref-type="sec"} presents a brief summary of basic definitions, followed by a description of an efficient dynamic programming algorithm to determine the absolute \[resp. relative\] frequencies *N*(*k*) \[resp. *p*(*k*)\] for secondary structure connectivity of a given homopolymer, which allows non-canonical base pairs. Section [3](#Sec6){ref-type="sec"} presents the statistical methods used to both fit RNA connnectivity data to a power-law distribution and to perform a goodness-of-fit test using Kolmogorov--Smirnov distance. Section [4](#Sec7){ref-type="sec"} shows that RNA networks are not scale-free, by performing (computationally efficient) Kolmogorov--Smirnov bootstrapping tests. Section [5](#Sec9){ref-type="sec"} presents concluding remarks, while the Appendix presents data that suggests that RNA networks satisfy a type of preferential attachment. The rigorous proof that RNA networks satisfy modified form of preferential attachment is suppressed for reasons of space, but is available in the preprint (Clote [@CR12]).

Computing degree frequency {#Sec2}
==========================

Section [2.1](#Sec3){ref-type="sec"} presents basic definitions and notation used; Sect. [2.2](#Sec4){ref-type="sec"} presents an algorithm to compute the frequency of each degree less than *K* in the ensemble of all secondary structures with run time $\documentclass[12pt]{minimal}
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                \begin{document}$$O(K^2 n^4)$$\end{document}$ and memory requirements $\documentclass[12pt]{minimal}
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                \begin{document}$$O(K n^3)$$\end{document}$. Section [2.3](#Sec5){ref-type="sec"} presents a more efficient algorithm, with run time $\documentclass[12pt]{minimal}
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                \begin{document}$$O(K^2 n^3)$$\end{document}$ and memory requirements $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(K n^2)$$\end{document}$, for the special case of a homopolymer, in which all possible non-canonical base pairs are permitted. We implemented both algorithms in Python, cross-checked for identical results, and call the resulting code RNAdensity. Since this paper is a theoretical contribution on network properties, we focus only on homopolymers and do not present the details necessary to extend the algorithm of Sect. [2.2](#Sec4){ref-type="sec"} to non-homopolymer RNA, where base pairs are required to be Watson--Crick or GU wobble pairs---such an algorithm is possible to develop, using ideas of Sect. [2.2](#Sec4){ref-type="sec"}; however, since the resulting complexity is formidible, with $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^7)$$\end{document}$ space requirements, and since there are no obvious applications, we do not pursue such an extension.

Preliminaries {#Sec3}
-------------

A secondary structure for a length *nhomopolymer* is a set *s* of base pairs (*i*, *j*), such that (1) there exist at least $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$ unpaired bases in every hairpin, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$ is usually taken to be 3, though sometimes 1 in the literature, (2) there are no basd triples, so for $\documentclass[12pt]{minimal}
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                \begin{document}$$(i,j), (k,\ell ) \in s$$\end{document}$, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\{ i,j \} \cap \{k,\ell \} \ne \emptyset $$\end{document}$, then $\documentclass[12pt]{minimal}
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                \begin{document}$$j=\ell $$\end{document}$, (3) there do not exist base pairs $\documentclass[12pt]{minimal}
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                \begin{document}$$(i,j), (k,\ell ) \in s$$\end{document}$, such that $\documentclass[12pt]{minimal}
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                \begin{document}$$i<k<j<\ell $$\end{document}$; i.e. a secondary structure is a type of outerplanar graph, where each base pair $\documentclass[12pt]{minimal}
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                \begin{document}$$(i,j) \in s$$\end{document}$ satisfies $\documentclass[12pt]{minimal}
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                \begin{document}$$j-i>\theta $$\end{document}$. The *free energy* of a homopolymer secondary structure *s* is defined to be $\documentclass[12pt]{minimal}
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                \begin{document}$$-1$$\end{document}$ times the number \|*s*\| of base pairs in *s* \[Nussinov--Jacobson energy model (Nussinov and Jacobson [@CR30])\]. Since entropic effects are ignored, this is not a real free energy; however it allows us to use the standard notation "MFE" for 'minimum free energy'. Note that the MFE structure for a length *n* homopolymer has $\documentclass[12pt]{minimal}
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                \begin{document}$$\lfloor \frac{n-\theta }{2} \rfloor $$\end{document}$ many base pairs.

For a given RNA sequence, consider the exponentially large network of all its secondary structures, where an undirected edge exists between any two structures *s* and *t*, whose base-pair distance equals one---in other words, for which *t* is obtained from *s* by either removing or adding one base pair. The connectivity (or degree) of a node, or structure, *s* is defined to be the number of secondary structures obtained by deleting or adding one base pair to *s*---this corresponds to the so-called $\documentclass[12pt]{minimal}
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                \begin{document}$$MS_1$$\end{document}$ move set (Flamm et al. [@CR16]). At the end of the paper, we briefly consider the $\documentclass[12pt]{minimal}
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                \begin{document}$$MS_2$$\end{document}$ move set, where the degree of a structure *s* is defined to be the number of secondary structures obtained by adding, deleting or *shifting* one base pair (Bayegan and Clote [@CR5]). The $\documentclass[12pt]{minimal}
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                \begin{document}$$MS_2$$\end{document}$\] connectivity of the MFE structure for a homopolymer of length *n* is $\documentclass[12pt]{minimal}
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                \begin{document}$$\lceil \frac{n-\theta }{2} \rceil $$\end{document}$\]. *ConnectivityN*(*k*) is defined to be the *absolute* frequency of degree *k*, i.e. the number of secondary structures having exactly *k* neighbors, that can be obtained by either adding or removing a single base pair. The *degree densityp*(*k*) is defined to be the probability density function (PDF) or *relative* frequency of *k*, i.e. the proportion $\documentclass[12pt]{minimal}
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                \begin{document}$$p(k) = \frac{N(k)}{Z}$$\end{document}$ of all secondary structures having *k* neighbors, where *Z* denotes the total number of secondary structures for a given homopolymer. A network is defined to be *scale-free*, provided its degree frequency *N*(*k*) is proportional to a power-law, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >1$$\end{document}$ is the *scaling factor*.

Computing the degree density {#Sec4}
----------------------------

In this section, we describe a novel dynamic programming algorithm to compute the $\documentclass[12pt]{minimal}
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                \begin{document}$$MS_1$$\end{document}$*degree densityp*(*k*) for the network of secondary structures for a homopolymer of length *n*. Note first that the empty structure $\documentclass[12pt]{minimal}
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Let *N*(*i*, *j*) denote the number of secondary structures on interval \[*i*, *j*\], computed the following simple recurrence relation from Stein and Waterman ([@CR33]): for $\documentclass[12pt]{minimal}
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                \begin{document}$$a_1,\ldots ,a_n$$\end{document}$, where base pairs are either Watson--Crick or wobble pairs. If no such extension is necessary, then the recurrence relation Eq. ([3](#Equ3){ref-type=""}), first given in Stein and Waterman ([@CR33]), requires $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^2)$$\end{document}$ time and *O*(*n*) space, hence is more efficient by a factor of *n*. In a similar fashion, the recurrence relations ([5](#Equ5){ref-type=""}--[12](#Equ12){ref-type=""}) and pseudocode in Sect. [2.2](#Sec4){ref-type="sec"} are given in a form that allows an extension (not given here) to the general case of computing the degree density for the ensemble of secondary structures of a given RNA sequence $\documentclass[12pt]{minimal}
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Suppose that every hairpin loop is required to have at least $\documentclass[12pt]{minimal}
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Base Case A considers all structures on \[*i*, *j*\], as depicted in Fig. [1](#Fig1){ref-type="fig"}, that are too small to have any base pairs, hence which have degree zero.
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Base Case B considers all structures on \[*i*, *j*\], as depicted in Fig. [2](#Fig2){ref-type="fig"}, that have only base pair (*i*, *j*), since other potential base pairs would contain fewer than $\documentclass[12pt]{minimal}
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Base Case C considers the converse situation, consisting of the empty structure on \[*i*, *j*\] where $\documentclass[12pt]{minimal}
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Inductive Case A considers the case where left and right extremities *i*, *j* form the base pair (*i*, *j*), where $\documentclass[12pt]{minimal}
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Faster algorithm in the homopolymer case {#Sec5}
----------------------------------------

The algorithm described in Sect. [2.2](#Sec4){ref-type="sec"} requires $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(K^2n^4)$$\end{document}$ time and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(Kn^3)$$\end{document}$ space, where *K* is a user-specified degree bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K \le \frac{(n-\theta )(n-\theta -1)}{2}$$\end{document}$. By minor changes, that algorithm can be modified to compute the degree density function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p(k) = \frac{Z^*(1,n,k)}{N(1,n)}$$\end{document}$ for any given RNA sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_1,\ldots ,a_n$$\end{document}$. In the case of a homopolymer, any two positions are allowed to base-pair (regardless of whether the base pair is a Watson--Crick or wobble pair), provided only that every hairpin loop contains at least $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$ unpaired positions. For homopolymers, we have a faster algorithm that requires $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(K^2 n^3)$$\end{document}$ time and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(Kn^2)$$\end{document}$ space. Since nucleotide identity is unimportant, instead of *Z*(*i*, *j*, *k*, *h*, *v*), we describe the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{{\widehat{Z}}}} (m,k,h,v)$$\end{document}$, where *m* corresponds to the length $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j-i+1$$\end{document}$ of interval \[*i*, *j*\].$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{{\widehat{Z}}}} ^*(m,k)&= \sum _{h=0}^{m-\theta -1} \sum _{v=0}^{\theta +1} {{{\widehat{Z}}}} (m,k,h,v) \\ N(m)&= \sum _{k=1}^{\frac{(m-\theta )(m-\theta -1)}{2}} {{{\widehat{Z}}}} ^*(m,k) \end{aligned}$$\end{document}$$We begin by initializing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{{\widehat{Z}}}} (m,k,h,v)=0$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le m \le n$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 \le k \le \frac{(m-\theta )(m-\theta -1)}{2}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 \le h \le m-2$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 \le v \le \theta +1$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h<0$$\end{document}$, we assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{{\widehat{Z}}}} (m,k,h,v)=0$$\end{document}$.

**Base Case A:** For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le m \le \theta +1$$\end{document}$, define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{{\widehat{Z}}}} (m,0,0,m)&= 1 \end{aligned}$$\end{document}$$**Base Case B:** For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m = \theta +2$$\end{document}$, define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{{\widehat{Z}}}} (m,1,0,0)&=1 \end{aligned}$$\end{document}$$**Base Case C:** For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m = \theta +2$$\end{document}$, define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{{\widehat{Z}}}} (m,1,1,\theta +1)&=1 \end{aligned}$$\end{document}$$**Base Case D:** For all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m > \theta +2$$\end{document}$, define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{{\widehat{Z}}}} (m,\frac{(m-\theta )(m-\theta -1)}{2},m-\theta -1,\theta +1)&=1 \end{aligned}$$\end{document}$$**Inductive Case A:** For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m > \theta +2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le k \le \frac{(m-\theta )(m-\theta -1)}{2}$$\end{document}$, define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{{\widehat{Z}}}} (m,k,0,0)&\mathrel {+}={{{\widehat{Z}}}} ^*(m-2,k-1) \end{aligned}$$\end{document}$$**Inductive Case B:** For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m > \theta +2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le k < \frac{(m-\theta )(m-\theta -1)}{2}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 \le h \le m-\theta -1$$\end{document}$, define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{{\widehat{Z}}}} (m,k,h,0)&\mathrel {+}=\sum \limits _{r=2}^{m-\theta -1} \sum \limits _{k_1+k_2 = k-1} \sum \limits _{w=0}^{\theta +1} {{{\widehat{Z}}}} (r-1,k_1,h-w,w) \cdot {{{\widehat{Z}}}} ^*(m-r-1,k_2) \end{aligned}$$\end{document}$$When implemented, this requires a check that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h-w \ge 0$$\end{document}$.

**Inductive Case C**(*v*): For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v \in \{1,2,\ldots ,\theta +1\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m > \theta +2$$\end{document}$, define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{{\widehat{Z}}}} (m,k,h,v)&\mathrel {+}={{{\widehat{Z}}}} ^*(m-v-2,k-1-vh) \nonumber \\&+ \sum \limits _{r=2}^{m-v-\theta -1} \sum \limits _{k_1+k_2=(k-1-v h)} \nonumber \\&\qquad \sum \limits _{w=0}^{\theta +1} {{{\widehat{Z}}}} (r-1,k_1,h-w,w) \cdot {{{\widehat{Z}}}} ^*(m-v-r-1,k_2) \end{aligned}$$\end{document}$$**Inductive Case D:** For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m > \theta +2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le k < \frac{(m-\theta )(m-\theta -1)}{2}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le h < m-\theta -1$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&{{{\widehat{Z}}}} (m,k,h,\theta +1) \nonumber \\&\quad \mathrel {+}=\sum \limits _{w=1}^{\theta +1} {{{\widehat{Z}}}} (m-\theta -1,k- \frac{w(w+1)}{2} - (\theta +1)\cdot (h-w), h-w,w) \end{aligned}$$\end{document}$$Note that *h* is strictly less than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m-\theta -1$$\end{document}$, since the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h=m-\theta -1$$\end{document}$ occurs only when additionally $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v=\theta +1$$\end{document}$, which only arises in the empty structure. The general case for the empty structure was handled in Base Case D. When implemented, this requires a check that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h-w \ge 0$$\end{document}$.

Statistical methods {#Sec6}
===================

Current software for probability distribution fitting of connectivity data, such as Matlab™, Mathematica™, R and powerlaw (Alstott et al. [@CR3]), appear to require an input file containing the connectivity of each node in the network. In the case of RNA secondary structures, this is only possible for very small sequence length. To analyze connectivity data computed by the algorithm of Sect. [2.3](#Sec5){ref-type="sec"}, we had to implement code to compute the maximum likelihood estimation for scaling factor $\documentclass[12pt]{minimal}
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Analysis of RNA networks using RNAdensity and RNApowerlaw {#Sec8}
---------------------------------------------------------
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Conclusion {#Sec9}
==========

Since the pioneering work of Zipf on the scale-free nature of natural languages (Zipf [@CR37]), various groups have found scale-free networks in diverse domains ranging from communication patterns of dolphins (McCowan et al. [@CR26]), metabolic networks (Jeong et al. [@CR19]), protein--protein interaction networks (Ito et al. [@CR18]; Schwikowski et al. [@CR32]), protein folding networks (Bowman and Pande [@CR6]), genetic interaction networks (Tong et al. [@CR34]; Van Noort et al. [@CR35]) to multifractal time series (Budroni et al. [@CR8]). These discoveries have galvanized efforts to understand biological networks from a mathematical and topological standpoint. Using mathematical analysis, Barabasi and Albert ([@CR4]) established that scale-free networks naturally emerge when networks are dynamic, whereby newly accrued nodes are preferentially connected to nodes already having high degree. On such grounds, one might argue that protein folding networks and protein--protein interaction (PPI) networks should exhibit scale-free properties, since nature is likely to reuse and amplify fast-folding domains---cf. Gilbert's exon shuffling hypothesis (Gilbert [@CR17]). Indeed, Cancherini et al. ([@CR9]) have established that in 4 metazoan species analyzed (*H. sapiens*, *M. musculus*, *D. melanogaster*, *C. elegans*) those genes, which are enriched in exon shuffling events, displayed a higher connectivity degree on average in protein--protein interaction (PPI) networks; i.e. such genes had a larger number of interacting partners. On similar grounds that nature should reuse and amplify successful metabolic networks, one might argue that metabolic networks should exhibit scale-free properties. However, rigorous statistical analysis has shown that metabolic networks fail a goodness-of-fit test for scale-free distribution, while PPI satisfy a goodness-of-fit test for scale-free distributions over a certain range of connectivity (Khanin and Wit [@CR21]; Clauset et al. [@CR10]).Fig. 12**a**$\documentclass[12pt]{minimal}
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There appears to be a current polemic whether certain naturally occurring networks are scale-free. Broido and Clauset ([@CR7]) provide statistical arguments that less than 45 of the 927 real-world network data sets (i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$4\%$$\end{document}$) found in the *Index of Complex Networks* exhibit the "strongest level of direct evidence for scale-free structure". In a response to a preprint of Broido and Clauset ([@CR7]) dated March 6, 2018 and posted on the Barabási Lab web site <https://www.barabasilab.com/post/love-is-all-you-need>, A.L. Barabási argued against the conclusions of Broido and Clauset ([@CR7]). Here, it should be noted that this is not the first time a polemic has arisen about the power-law distribution---indeed, there was a heated exchange between Mandelbrot and Simon almost 60 years ago in the journal *Information and Control*. For details, references, and a history of the power-law distribution, see Mitzenmacher ([@CR27]).Fig. 13**a**$\documentclass[12pt]{minimal}
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Given the current interest in whether certain naturally occurring networks are scale-free, we have introduced a novel algorithm to compute the connectivity density function for a given RNA homopolymer. Our algorithm requires $\documentclass[12pt]{minimal}
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                \begin{document}$$K \le \frac{(n-\theta )(n-\theta -1)}{2}$$\end{document}$. Short of exhaustively listing secondary structures by brute-force, no such algorithm existed prior to our work. Since existent software appears unable to perform power-law fitting for exponentially large RNA connectivity data, we have also implemented code to compute and statistically evaluate the maximum likelihood power-law fit for an input histogram, using a very fast method to the density function of a sampled power-law distribution with given scaling parameter. Using the resulting code, called RNAdensity and RNApowerlaw, we have computed the connectivity density function for RNA secondary structure networks for homopolymers of length up to 150. Statistical analysis categorically shows that there is no statistically significant power-law fit for homopolymer RNA secondary structure network connectivity, despite the seemingly good visual fit shown in Fig. [9](#Fig9){ref-type="fig"}. Figure [12](#Fig12){ref-type="fig"} shows that secondary structure network connectivity is not scale-free for the (real) 32 nt selenocysteine insertion sequence *fruA*. Figure [13](#Fig13){ref-type="fig"} shows that the $\documentclass[12pt]{minimal}
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                \begin{document}$$MS_2$$\end{document}$ degree distributions for other naturally occurring RNAs are not scale-free, in particular for the 65 nt RNA thermometer from *Klebsiella pneumoniae* subsp. pneumoniae with EMBL accession code CP000647.1/1773227-1773291 and the 76 nt alanine transfer RNA from *Mycoplasma mycoides* with accession code tdbR00000006 from tRNAdb Juhling et al. ([@CR20]) (accession code RA1180 from the Sprinzl tRNA database). While the density plot in Fig. [12](#Fig12){ref-type="fig"} was produced by exhaustively enumerating all 971,299 secondary structures of the 32 nt *fruA*, Figure [13](#Fig13){ref-type="fig"} was produced by enumerating all secondary structures having free energy within 13 kcal/mol of the minimum free energy, as computed by RNAsubopt from the Vienna RNA Package (Lorenz et al. [@CR23]); this procedure generated 1,079,102 secondary structures (out of a total of $\documentclass[12pt]{minimal}
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Since (Day et al. [@CR15]; Kihara and Skolnick [@CR22]) have presented data that suggests that existent protein structures can be explained using only a small number of protein folds, we presented data in Table [4](#Tab4){ref-type="table"} that suggests that RNA secondary structures may satisfy a type of preferential attachment---a rigorous combinatorial argument establishes this fact for a modified notion of preferential attachment \[data not shown, but available in the Appendix of Clote ([@CR12])\]. Finally, Python implementations of the algorithms from this paper are publicly available at <http://bioinformatics.bc.edu/clotelab/RNAnetworks>.

As an afternote, our personal opinion is that it doesn't much matter whether a naturally occurring network arising from physical phenomena is precisely scale-free or not. If network connectivity appears to follow a power-law distribution, even approximately, then by results of Barabasi and Albert ([@CR4]), this suggests that preferential attachment could play a role in how the network may have been constructed by nature. Preferential attachment might well have been a factor in how protein and RNA structures have been formed by evolutionary forces---even in the emergence of stable folds in prebiotic times (Abkevich et al. [@CR1]). It is noteworthy that only a small number of protein folds suffice to explain the diversity of all protein folds found in the Protein Data Bank (PDB) (Kihara and Skolnick [@CR22]): "The number of proteins required to cover a target protein is very small, e.g. the top ten hit proteins can give 90% coverage below a RMSD of 3.5 Å for proteins up to 320 residues long." As well, the 30 most populated metafolds represent "about half of a nonredundant subset of the PDB" (Day et al. [@CR15]). However, other evolutionary factors seem to be present in the evolution of protein folds, such as kinetic accessibility (Cossio et al. [@CR14]), as well as the ability to switch between alternate conformations (Porter and Looger [@CR31]).

Appendix {#Sec10}
========

Preferential attachment of RNA secondary structures {#Sec11}
===================================================

In this section, we provide preliminary data that suggest that *preferential attachment* holds in the homopolymer RNA secondary structure model. A rigorous argument can be found in the preprint (Clote [@CR12]) for all homopolymer RNA networks, albeit with respect to a slight relaxation of our definitions. Before proceeding we recall basic definitions and notation. The notion of homopolymer secondary structure was defined at the beginning of Sect. [2.1](#Sec3){ref-type="sec"}; throughout this section, we denote the set of all secondary structures for a length *n* homopolymer by $\documentclass[12pt]{minimal}
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From the values in Table [4](#Tab4){ref-type="table"}, it appears that the RNA homopolymer secondary structure model does demonstrate preferential attachment. This, in our opinion, may provide theoretical justification for the close approximation of the tail of degree distributions by a power-law distribution, even though a rigorous statistical test by bootstrapping Kolmogorov--Smirnov values solidly rejects this hypothesis.

A network is said to be *robust*, or *resilient*, if its connectivity is (relatively) unaltered in the event that random nodes have been removed; i.e. alternate pathways exist to connect nodes, even if a (random) node has been removed. Since functionality remains in the case of random node failure, network robustness is of obvious importance in massively parallel computers, in the World Wide Web, in metabolic pathways, signaling pathways, etc. This topic is discussed in detail in Chapter 16, "Percolation and Network Resilience", in Newman ([@CR29]).
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